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ON SPECIAL VALUES OF JACOBI-SUM HECKE L-FUNCTIONS
NORIYUKI OTSUBO
Abstract. For motives associated with Fermat curves, there are elements in
motivic cohomology whose regulators are written in terms of special values
of generalized hypergeometric functions. Using them, we verify the Beilinson
conjecture numerically for some cases and find formulae for the values of L-
functions at 0. These appear analogous to the Chowla-Selberg formula for the
periods of elliptic curves with complex multiplication, which are related with
the L-values at 1 by the Birch and Swinnerton-Dyer conjecture.
1. Introduction
Let M be a motive over Q and suppose that the Hasse-Weil conjecture holds
for M , i.e. its L-function L(M, s) is analytically continued to C and satisfies a
functional equation with respect to s ↔ w + 1 − s where w is the weight of M .
Then, of great arithmetic interest is its behavior at integers, in particular the special
value at n ∈ Z, i.e. the first non-vanishing Taylor coefficient
L∗(M,n) := lim
s→n
L(M, s)
(s− n)ords=n L(M,s) .
A sequence of important conjectures on this subject starts with the conjecture of
Birch and Swinnerton-Dyer [3], extended by Tate [26], for h1 of an abelian variety
A and the central value n = 1. In particular, if L(h1(A), 1) 6= 0, this value is
conjectured to coincide with the real period of A up to non-zero rational numbers.
For motives with complex multiplication (CM), the periods take special forms.
Already in 1897, Lerch [19], p.303, notices that the period of a CM elliptic curve is
written as a product of values of the gamma function at rational numbers, which
is now better known as the Chowla-Selberg formula [10]. Typical examples of
motives with CM by abelian fields are factors of the Jacobian varieties of Fermat
curves. Conversely, Gross [16] reduced the Chowla-Selberg formula (up to algebraic
numbers) to the computation of periods of Fermat curves due to Weil [28] and
Rohrlich [16]. Let XN be the projective Fermat curve over Q whose affine equation
is given by xN + yN = 1. Then, its complex periods are essentially special values
of the beta function
B(α, β) =
Γ(α)Γ(β)
Γ(α + β)
=
sin((α+ β)π)
π
Γ(α)Γ(β)Γ(1 − α− β)
with α, β ∈ 1NZ.
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On the other hand, by Weil, [27], the L-function of h1(XN ) decomposes into
those of the Jacobi-sum Hecke characters ja,bN of the N -cyclotomic field Q(ζN )
indexed by a, b ∈ Z/N with a, b, a + b 6= 0 (see §2.2). Accordingly, there exists a
submotive X
[a,b]
N of h
1(XN ) such that L(X
[a,b]
N , s) = L(j
a,b
N , s) (see §2.1). Then, if
it does not vanish at s = 1, the BSD conjecture for X
[a,b]
N reads
L(ja,bN , 1) ≡
∏
h
Re
(
(1− ζhaN )(1− ζhbN )
)
B
( 〈ha〉
N
,
〈hb〉
N
)
(mod Q×)
where 〈a〉 ∈ {1, 2, . . . , N − 1} denotes the representative of a, and h runs through
elements of (Z/N)× such that 〈ha〉+ 〈hb〉 < N . When L(ja,bN , 1) 6= 0, this congru-
ence is known by the works of Damerell [12], Shimura [25], Blasius [4] and Anderson
[1]. Such examples of abelian CM motives played an important role when Deligne
[13] proposed the period conjecture for critical L-values.
After the work of Bloch [5] on CM elliptic curves, Beilinson [2] proposed a very
general conjecture which relates L∗(M,n) with the regulator. For the Dedekind
ζ-functions of number fields, the conjecture reduces to Dirichlet’s class number
formula when n = 0, and to Borel’s theorem [8] when n < 0 (formerly conjectured by
Lichtenbaum [20]). For a smooth projective curve X over Q, we have the regulator
map
rD : H
2
M (X,Q(2))Z → H2D(XR,R(2)).
Here, the source is the integral part of the motivic cohomology with Q-coefficients
and the target is the real Deligne cohomology with R-coefficients (see §3.1 for
concrete descriptions). The conjecture states firstly that rD⊗QR is an isomorphism,
which implies that dimQH
2
M
(X,Q(2))Z = g, the genus of X . Secondly, it states
that
L∗(h1(X), 0) ≡ det(rD) (mod Q×),
the determinant taken with respect to a canonical Q-structure of the Deligne coho-
mology.
In this paper, we verify numerically the conjecture, except for the injectivity of
rD , for some cases of Fermat motives X
[a,b]
N . We shall compute the regulators of
certain special elements and the L-values independently and compare them. There
are similar studies for elliptic curves by Bloch and Grayson [6], for a quotient
of the Fermat quintic curve by Kimura [18] (see Remark 4.2) and for families of
hyperelliptic curves by Dokchitser, de Jeu and Zagier [14].
For the Fermat curve, Ross [23] considered an element eN ∈ H2M (XN ,Q(2))Z
represented by the Milnor K2-symbol {1− x, 1 − y}, and showed that rD(eN ) 6= 0
for N ≥ 3. In an earlier paper [21], the author studied its projections e[a,b]N ∈
H2
M
(X
[a,b]
N ,Q(2))Z and expressed rD(e
[a,b]
N ) in terms of special values F
a,b
N of gener-
alized hypergeometric functions defined as follows (see Theorem 3.2). Recall that
the hypergeometric function pFq is defined by
pFq
(
α1, . . . , αp
β1, . . . , βq
;x
)
=
∞∑
n=0
∏p
i=1(αi, n)∏q
j=1(βj , n)
xn
n!
,
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where (α, n) =
∏n
i=1(α+ i−1), and it converges at x = 1 if Re(
∑
j βj−
∑
i αi) > 0.
Put for α, β 6∈ Z
F˜ (α, β) = B(α, β)2 3F2
(
α, β, α+ β − 1
α+ β, α+ β
; 1
)
.
We remark that F˜ (α, β) can also be written using a special value of Appell’s two-
variable hypergeometric function F3 (see loc. cit.). For a, b ∈ Z/N as before, we
put
F a,bN = F˜
( 〈a〉
N
,
〈b〉
N
)
− F˜
( 〈−a〉
N
,
〈−b〉
N
)
.
Then, we have F a,bN 6= 0.
If (N, a, b) = 1, the conjectural dimension of the motivic cohomology is g :=
φ(N)/2 where φ denotes the Euler function. If g = 1, our motive is isomorphic to
h1 of a CM elliptic curve and the above result reproves the surjectivity of rD ⊗Q R
due to Bloch. In [22], we compared our elements with Bloch’s elements and obtained
the equalities
L∗(j1,13 , 0) =
1
6
√
3π
F 1,13 , L
∗(j1,24 , 0) =
1
8π
F 1,24 .
Compare these with
L(j1,13 , 1) =
1
9
B
(
1
3
,
1
3
)
, L(j1,24 , 1) =
1
8
B
(
1
4
,
2
4
)
.
The beta function itself is related with the special value of the Gauss hypergeometric
function; in Euler’s formula
2F1
(
α, β
γ
; 1
)
=
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β) (Re(γ − α− β) > 0),
let γ = α+ β + 1 and use functional equations of the gamma function. Therefore,
our formulae for regulators can be regarded as analogues of the Chowla-Selberg
formula.
When g > 1, we use the action of the symmetric group of degree three on XN
as the permutations of homogeneous coordinates to obtain more elements in the
motivic cohomology. Using them, in [21], the surjectivity of the regulator map is
proved for some cases where N is odd and g ≤ 3. In §3.4, we shall extend this
method to even N by once extending the base field to Q(ζ2N ).
Then, in §4, we compute numerically the regulator determinant, denoted by Ra,bN ,
of our g elements, which is a homogeneous polynomial in F a,bN ’s. In all the plausible
cases, we find that Ra,bN 6= 0. Hence we obtain rigorously new cases where rD ⊗Q R
is surjective. For the other cases, we have clear reasons why our elements are not
sufficient. On the other hand, we compute numerically the values L∗(ja,bN , 0) with
the aid of Magma. In every case, we find that the ratio L∗(ja,bN , 0)/R
a,b
N is close
to a rational number as predicted by the Beilinson conjecture. Because of our
expression of the regulators in terms of values of hypergeometric functions which
converge rapidly, we can work with a high precision, at least 100 digits. As a result,
we shall find formulae such as
L∗(j1,27 , 0) ≈
1
49
R1,27
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where R1,27 is a cubic polynomial in F
1,2
7 , F
2,4
7 and F
4,1
7 (see §4.3). As well as giving
actual proofs of these formulae, it would be very tempting to find general formulae
which express L∗(ja,bN , n) for n ≤ 0 in terms of special values of hypergeometric
functions pFq, or hypergeometric functions of several variables.
Our rational numbers turn out to be quite simple, only involving factors of 2N .
These are the subject of the Tamagawa number conjecture of Bloch and Kato [7].
The computation of the p-adic regulators of our elements remains for a future study
(see Remark 5.5). On the other hand, one may hope to formulate an integral version
of the Beilinson conjecture which generalizes the class number formula and the
Lichtenbaum conjecture. Such a version would describe the L-value including the
rational factor only in terms of the Beilinson regulator from the motivic cohomology
with integral coefficients, together with information of other motivic cohomology
groups. In the final §5, we renormalize the results in §4 in this framework, hoping
that they might provide useful data for a future study.
This paper is constructed as follows. In §2, we recall basic facts about Fermat
motives and Jacobi-sum Hecke L-functions while we fix notations. In §3, we recall
and extend the results of [21] on the regulator of Fermat motives. In §4, we compute
the regulators and the L-values, and compare them to find rational ratios. Finally
in §5, we work with integral coefficients and renormalize the results of §4.
2. L-functions of Fermat motives
Here we recall briefly Fermat motives over Q, Jacobi sums and their L-functions.
See [21] for the details.
2.1. Fermat motives. Throughout this paper, we fix once and for all an embed-
ding Q →֒ C. For a positive integer N , put ζN = e 2piiN , KN = Q(ζN ), and let ON
be the integer ring of KN . For h ∈ (Z/N)×, let σh be the element of the Galois
group G(KN/Q) such that σh(ζN ) = ζ
h
N .
Let XN be the projective Fermat curve over Q whose affine equation is given by
xN + yN = 1.
Define an index set
IN =
{
(a, b) ∈ (Z/N)⊕2 | a, b, a+ b 6= 0} .
Then, IN is stable under the multiplication by (Z/N)
×. In the category of pure
motives over Q with coefficients in Q, we have a decomposition ([21], §2)
h1(XN ) =
⊕
[a,b]∈IN/(Z/N)×
X
[a,b]
N .
Here, the Fermat motive X
[a,b]
N is defined as a pair (XN , p
[a,b]
N ) where p
[a.b]
N is an
algebraic correspondence on XN , i.e. an element of the Picard group Pic(XN ×
XN)⊗Z Q, which is idempotent with respect to the composition. Put
GN = (Z/N)
⊕2
and write its element (r, s) by gr,s and the addition multiplicatively: gr,sgr
′,s′ =
gr+r
′,s+s′ . Let GN act on XN ⊗Q KN by
gr,s(x, y) = (ζrNx, ζ
s
Ny).
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For each (a, b) ∈ IN , define a character θa,bN of GN by
θa,bN (g
r,s) = ζar+bsN .
Define a correspondence on XN ⊗Q KN with KN -coefficients by
pa,bN =
1
N2
∑
g∈GN
θa,b(g)−1Γg,
where Γg denotes the transpose of the graph of g. Then, the orbit
p
[a,b]
N :=
∑
(a′,b′)∈[a,b]
pa
′,b′
N
is defined over Q and defines a correspondence on XN with Q-coefficients. Since
pa,bN are idempotent, p
[a,b]
N is also idempotent.
On the level of realizations, for any cohomology theory H• with coefficients in a
field of characteristic zero, we define H•(X
[a,b]
N ) to be the image of
p
[a,b]∗
N : H
•(XN )→ H•(XN ).
Note that Γ∗g coincides with the pull-back g
∗. For example, we write the Betti
cohomology as
H1(X
[a,b]
N (C),C) := p
[a,b]∗
N H
1(XN (C),C),
although there is not a space X
[a,b]
N (C). It has a basis {ωa
′,b′
N | (a′, b′) ∈ [a, b]},
where ωa,bN is the class of a 1-form of the second kind defined by
ωa,bN = x
〈a〉y〈b〉−N
dx
x
.
Recall that 〈a〉 ∈ {1, 2, . . . , N − 1} denotes the representative of a ∈ Z/N . Note
that these are eigenforms with respect to the GN -action:
g∗ωa,bN = θ
a,b
N (g)ω
a,b
N .
By the morphism exchanging x and y, we have an evident symmetry
X
[a,b]
N ≃ X [b,a]N . (2.1)
If N is odd, the symmetric group of degree 3 acts on XN (see §3.3), and we have
also
X
[a,b]
N ≃ X [c,b]N ≃ X [a,c]N (2.2)
where, throughout this paper, c ∈ Z/N denotes the element defined by
a+ b+ c = 0.
We say that (a, b) is primitive if (N, a, b) = 1 and denote by IprimN ⊂ IN the
subset of primitive elements. If (a, b) is not primitive, then there exists a unique
(a′, b′) ∈ IN/d where d = (N, a, b) such that (a, b) = (da′, db′) and we have
X
[a,b]
N ≃ X [a
′,b′]
N/d . (2.3)
Using these relations, we are reduced to study a smaller number of cases. The cases
g = 1, 2, 3, where g := φ(N)/2, are summarized as follows.
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Proposition 2.1. In the category of motives over Q, we have the following iso-
morphisms:
h1(X3) ≃ X [1,1]3 ,
h1(X4) ≃ X [1,1]4 ⊕ (X [1,2]4 )⊕2,
h1(X5) ≃ (X [1,1]5 )⊕3,
h1(X6) ≃ h1(X3)⊕X [1,1]6 ⊕
⊕
b=2,3,4
(X
[1,b]
6 )
⊕2 ⊕ (X [2,3]6 )⊕2,
h1(X7) ≃ (X [1,1]7 )⊕3 ⊕ (X [1,2]7 )⊕2,
h1(X8) ≃ h1(X4)⊕
⊕
b=1,3,5
X
[1,b]
8 ⊕
⊕
b=2,4,6
(X
[1,b]
8 )
⊕2,
h1(X9) ≃ h1(X3)⊕ (X [1,1]9 )⊕3 ⊕ (X [1,2]9 )⊕6,
h1(X10) ≃ h1(X5)⊕X [1,1]10 ⊕
⊕
b=2,3,4,5,6,8
(X
[1,b]
10 )
⊕2 ⊕ (X [2,5]10 )⊕2,
h1(X12) ≃ h1(X4)⊕ h1(X6)⊕
⊕
b=1,4,5,7
X
[1,b]
12 ⊕ (X [1,2]12 )⊕3
⊕
⊕
b=3,6,8,9,10
(X
[1,b]
12 )
⊕2 ⊕ (X [2,3]12 )⊕2 ⊕ (X [3,4]12 )⊕2,
h1(X14) ≃ h1(X7)⊕X [1,1]14 ⊕
⊕
2≤b≤12,b6=5,11
(X
[1,b]
14 )
⊕2 ⊕ (X [2,7]14 )⊕2,
h1(X18) ≃ h1(X6)⊕ (X [1,1]9 )⊕3 ⊕ (X [1,2]9 )⊕6
⊕X [1,1]18 ⊕
⊕
2≤b≤16,b6=11,13
(X
[1,b]
18 )
⊕2 ⊕
⊕
b=3,9,15
(X
[2,b]
18 )
⊕2.
Remark 2.2. If N is a prime, X
[a,b]
N is isomorphic to h
1(Ca,bN ) of the curve
Ca,bN : v
N = ua(1− u)b
via the morphism u = xN , v = xayb.
2.2. L-functions. For a prime v ∤ N of KN , let Fv denote the residue field at v
and let χv : F
×
v → µN be the Nth power residue character, i.e. χv(x) ≡ x
|Fv |−1
N
(mod v). Then, for (a, b) ∈ IN , the Jacobi sum is defined by
ja,bN (v) = −
∑
x,y∈F×v ,x+y=1
χav(x)χ
b
v(y).
The L-function of a Fermat motive, defined via its ℓ-adic realization, coincides with
that of the corresponding Jacobi sums (see [21], Theorem 3.9): for (a, b) ∈ IprimN ,
we have
L(X
[a,b]
N , s) = L(j
a,b
N , s) :=
∏
v∤N
(
1− j
a,b
N (v)
|Fv|s
)−1
.
Since |ja,bN (v)| = |Fv|1/2, it converges absolutely for Re(s) > 3/2. We remark that
L(ja,bN , s) depends only on the class [a, b]. In particular,
L(ja,bN , s) = L(j
−a,−b
N , s) = L(j
a,b
N , s).
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The symmetry (2.1) (resp. (2.2) for oddN) corresponds to the symmetry ja,bN = j
b,a
N
(resp. ja,bN = j
c,b
N = j
a,c
N for odd N). For even N , we still have the following relation
which reduces our computations.
Proposition 2.3. Let N be even and (a, b) ∈ IN . If b is even (resp. if a is even),
then we have ja,bN = j
c,b
N (resp. j
a,b
N = j
a,c
N ).
Proof. This follows easily from ja,bN (v) = χv(−1)bjc,bN (v) = χv(−1)aja,cN (v). 
ByWeil [27], the map v 7→ ja,bN (v), extended by linearity to the group of fractional
ideals of KN prime to N , defines a Hecke character of a conductor dividing N
2.
More precisely, put
Ha,bN = {h ∈ (Z/N)× | 〈ha〉+ 〈hb〉 < N},
and let ∑
h∈Ha,b
N
σ−1h ∈ Z[G(KN/Q)]
be the Stickelberger element. Note that h ∈ Ha,bN if and only if −h 6∈ Ha,bN , i.e. the
Stickelberger element is a CM type. Then, there exists an ideal fa,bN of ON dividing
N2 and a primitive finite character
ϕa,bN : (ON/f
a,b
N )
× → C×
such that, for any α ∈ K× prime to fa,bN , we have
ja,bN ((α)) = ϕ
a,b
N (α)
∏
h∈Ha,b
N
σ−1h (α).
In particular, for any unit α ∈ O×N , we have
ϕa,bN (α)
−1 =
∏
h∈Ha,b
N
σ−1h (α).
Therefore, by the Hecke theory, L(ja,bN , s) is analytically continued to an entire
function and satisfies the following functional equation. Let dN be the absolute
value of the absolute discriminant of KN , f
a,b
N be the conductor of j
a,b
N as above
and N(fa,bN ) be its ideal norm. If we put
Λ(ja,bN , s) =
(
dNN(f
a,b
N )
)s/2 ( Γ(s)
(2π)s
)g
L(ja,bN , s),
then we have
Λ(ja,bN , s) = ±Λ(ja,bN , 2− s).
It follows that L(ja,bN , s) has a zero of order g at every nonpositive integer, and we
consider the special value at 0
L∗(ja,bN , 0) := lims→0
L(ja,bN , s)
sg
= ±dNN(f
a,b
N )
(2π)2g
L(ja,bN , 2) ∈ R×. (2.4)
Remark 2.4. When N is a prime, fa,bN was determined by Hasse [17]. After several
works, Coleman and McCallum [11] determined fa,bN in general except for the factors
dividing 2. See also [15], where the sign of the functional equation (“root number”)
is determined when N is a prime.
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3. Regulators of Fermat motives
We recall and extend the results of [21] on the regulator of Fermat motives. Most
results in loc. cit. are stated for Fermat motives Xa,bN = (XN ⊗QKN , pa,bN ) over KN
with coefficients in KN . Here, we reformulate them as results for X
[a,b]
N . In §3.4,
we extend the action of the symmetric group to the case where N is even.
3.1. Beilinson’s conjecture for curves. Let X be a smooth projective curve
over Q of genus g. We recall a concrete description of the Beilinson regulator map
[2]
rD : H
2
M (X,Q(2))Z → H2D(XR,R(2))
mentioned in §1. For more details, see for example [24], [14].
The source of rD is the integral part of the motivic cohomology group, which is a
Q-vector space defined using algebraic K-theory. For a field k, the second Milnor
K-group KM2 (k) is the free abelian group generated by symbols {f, g} (f, g ∈ k×)
divided by the subgroup generated by Steinberg relations {f, 1−f} (f ∈ k×, f 6= 1).
Let Q(X) be the function field of X , X0 be the set of closed points on X and Q(x)
be the residue field at x ∈ X0. Then, the tame symbols
T : KM2 (Q(X))→
⊕
x∈X0
Q(x)×
are defined by sending {f, g} to
(−1)ordx(f) ordx(g)
(
fordx(g)
gordx(f)
)
(x).
Then, we have a natural isomorphism
Ker(T )⊗Z Q ≃ H2M (X,Q(2)).
The integral part H2
M
(X,Q(2))Z consists of those elements which can be extended
to a regular model of X which is proper and flat over Z.
The target of rD is the real Deligne cohomology group and in this case, we have
a natural isomorphism
H2D(XR,R(2)) ≃ H1(X(C),R(1))+.
Here, for any subring A ⊂ R, we write A(1) = 2πiA on which the complex con-
jugation c∞ acts by −1. On the other hand, we have the complex conjugation
F∞ (infinite Frobenius) acting on X(C). The script “+” denotes the part fixed by
F∞ ⊗ c∞. It is endowed with the canonical Q-structure
H1(X(C),Q(1))+ = 2πi ·H1(X(C),Q)F∞=−1.
Under these identifications, the regulator map rD sends
∑
n{fn, gn} ∈ Ker(T ) to
i ·
∑
n
(log |fn|d arg gn − log |gn|d arg fn).
As explained in §1, Beilinson’s conjecture states firstly that, rD ⊗Q R is an
isomorphism, and hence
dimQH
2
M (X,Q(2))Z = g.
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Assuming the first, the determinant R of a matrix expressing Im(rD) with respect
to the Q-structure of the Deligne cohomology is well-defined in R×/Q×, and the
conjecture states secondly that
L∗(h1(X), 0) ≡ R (mod Q×),
where the analytic continuation of L(h1(X), s) is presumed.
The conjecture extends naturally to motives associated with curves by taking
projections. When g > 0, nothing is known about the finite generation of the
motivic cohomology and the injectivity of rD . As in other related studies, we
only consider a weaker version of the conjecture that there exists a g-dimensional
subspace of the motivic cohomology having the desired properties. In other words,
we consider the conjecture admitting the injectivity of rD . A version with Z-
structures instead of Q-structures will be discussed in §5.
3.2. Regulators. Let XN be the Fermat curve over Q as before. In this case,
H2
M
(XN ,Q(2))Z = H
2
M
(XN ,Q(2)). Since the tame symbols of {1 − x, 1 − y} ∈
K2(Q(XN )) are 2N -torsion ([23], Theorem 1), it defines an element
eN := 2N{1− x, 1− y} ∈ H2M (XN ,Q(2))Z.
For (a, b) ∈ IN , we put
e
[a,b]
N := p
[a,b]∗
N (eN ) ∈ H2M (X [a,b]N ,Q(2))Z.
Remark 3.1. We changed the notation from [21]; eN and e
[a,b]
N here are 2N times
those of loc. cit., so that they belong to the Z-structure in the sense of §5.
We describe the image of e
[a,b]
N under the regulator map
rD : H
2
M (X
[a,b]
N ,Q(2))Z → H2D(X [a,b]N,R ,R(2)).
For (a, b) ∈ IN , let ωa,bN ∈ H1(XN (C),C) be as in §2.1 and we normalize it as
ω˜a,bN :=
(
1
N
B
( 〈a〉
N
,
〈b〉
N
))−1
ωa,bN .
Then, since we have ∫
γ
F∞ω˜
a,b
N =
∫
γ
ω˜−a,−bN =
∫
γ
ω˜a,bN ∈ KN
for all γ ∈ H1(XN (C),Z),
ω˜a,bN ∈ H1(XN (C),KN ), F∞ω˜a,bN = ω˜−a,−bN = c∞ω˜a,bN .
Therefore, if (a, b) ∈ IprimN , the set{
ω˜ha,hbN − ω˜−ha,−hbN
∣∣ h ∈ Ha,bN }
gives a basis of the KN -vector space H
1(X
[a,b]
N (C),KN )
+.
Now, the results of [21] (Theorem 4.14, Proposition 4.25) can be read as follows.
For (a, b) ∈ IN , let F a,bN ∈ R be as defined in §1. Note that
F−a,−bN = −F a,bN .
By (2.3), we are reduced to consider the primitive cases.
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Theorem 3.2. For (a, b) ∈ IprimN , we have
rD(e
[a,b]
N ) = −
1
N
∑
h∈(Z/N)×
Fha,hbN ω˜
ha,hb
N = −
1
N
∑
h∈Ha,b
N
Fha,hbN (ω˜
ha,hb
N − ω˜−ha,−hbN ).
Moreover, Fha,hbN 6= 0 for all h ∈ (Z/N)× and Fha,hbN > 0 if and only if h ∈ Ha,bN .
In particular, e
[a,b]
N is non-trivial and if g = 1, then rD ⊗Q R is surjective. We
can transform the theorem into an expression of the regulator with respect to the
Q-structure using the following:
Proposition 3.3. For any (a, b) ∈ IprimN , there exists a basis {λn | 1 ≤ n ≤ g} of
the Q-vector space H1(X
[a,b]
N (C),Q(1))
+ such that
ω˜ha,hbN − ω˜−ha,−hbN =
1
2πi
g∑
n=1
(ζhnN − ζ−hnN )λn
for all h ∈ (Z/N)×.
Proof. The argument is similar to [21], Corollary 4.21. See also Remark 5.4. 
Define for the later use
DN :=
∣∣det(ζhnN − ζ−hnN )h,n∣∣ =
∣∣∣∣∣det
(
2 sin
2πhn
N
)
h,n
∣∣∣∣∣ (3.1)
where h runs through the g elements of (Z/N)× with 〈h〉 < N/2 and n = 1, 2, . . . , g.
One calculates for example
D3 = D6 =
√
3, D4 = 2,
D5 = D10 = 5, D8 = 4
√
2, D12 = 2
√
3,
D7 = D14 = 7
√
7, D9 = D18 = 9
√
3.
Note that DN is independent of (a, b).
3.3. Symmetry for odd N . Let N be odd and define involutions α, β on XN by
α(x, y) =
(
1
x
,− y
x
)
, β(x, y) =
(
−x
y
,
1
y
)
.
In the projective equation
xN0 + y
N
0 = z
N
0 ,
α (resp. β) exchanges x0 and −z0 (resp. y0 and −z0). We remark that exchanging
x and y is useless, since it acts on eN by −1 because the Milnor symbol is skew-
symmetric. The actions of α, β on the Betti cohomology are given as follows (see
[21], Lemma 4.30).
Lemma 3.4. For (a, b) ∈ IN with 〈a〉+ 〈b〉+ 〈c〉 = N , we have
α∗ω˜a,bN = (−1)〈b〉
sin 〈a〉piN
sin 〈c〉piN
ω˜c,bN , α
∗ω˜−a,−bN = (−1)〈b〉
sin 〈a〉piN
sin 〈c〉piN
ω˜−c,−bN ,
β∗ω˜a,bN = (−1)〈a〉
sin 〈b〉piN
sin 〈c〉piN
ω˜a,cN , β
∗ω˜−a,−bN = (−1)〈a〉
sin 〈b〉piN
sin 〈c〉piN
ω˜−a,−cN .
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We define elements of H2
M
(X
[a,b]
N ,Q(2))Z by
ea,bN,α = p
[a,b]∗
N ◦ α∗(eN ), ea,bN,β = p[a,b]∗N ◦ β∗(eN ).
Since
p
[a,b]∗
N ◦ α∗ = α∗ ◦ p[c,b]∗N , p[a,b]∗N ◦ β∗ = β∗ ◦ p[a,c]∗N ,
and the regulator map is compatible with the actions of p
[a,b]
N , α, β, we obtain the
following proposition from Theorem 3.2. Note that Ha,bN = H
c,b
N = H
a,c
N .
Proposition 3.5. Let N be odd. For any (a, b) ∈ IprimN , we have
rD(e
[a,b]
N,α) = −
1
N
∑
h∈Ha,b
N
(−1)〈hb〉 sin
〈hc〉pi
N
sin 〈ha〉piN
Fhc,hbN (ω˜
ha,hb
N − ω˜−ha,−hbN ),
rD(e
[a,b]
N,β ) = −
1
N
∑
h∈Ha,b
N
(−1)〈ha〉 sin
〈hc〉pi
N
sin 〈hb〉piN
Fha,hcN (ω˜
ha,hb
N − ω˜−ha,−hbN ).
In [21], it is shown that the three elements e
[a,b]
N , e
[a,b]
N,α, e
[a,b]
N,β are sufficient for
the surjectivity of rD ⊗Q R for X [1,1]5 (hence for the whole X5) and X [1,2]7 , but
not for X
[1,1]
7 . In general, the possibility of liner independence is restricted by the
following.
Corollary 3.6. If a = b (resp. a = c, b = c), then we have rD(e
[a,b]
N,α) = rD(e
[a,b]
N,β )
(resp. rD(e
[a,b]
N,α) = rD(e
[a,b]
N ), rD(e
[a,b]
N,β ) = rD(e
[a,b]
N )).
3.4. Symmetry for even N . Let N be even. Then, we do not have α, β as above
defined over Q. For simplicity, we write
L = K2N , K = KN , XL = XN ⊗Q L, XK = XN ⊗Q K,
and let
fL : XL → XN , fK : XK → XN , fL/K : XL → XK
be the natural morphisms. Define involutions αL, βL on XL by
αL(x, y) =
(
ζN
x
,
ζ2Ny
x
)
, βL(x, y) =
(
ζ2Nx
y
,
ζN
y
)
,
and elements of H2
M
(X
[a,b]
N ,Q(2))Z by
e
[a,b]
N,α = p
[a,b]∗
N ◦ fL∗ ◦ α∗L ◦ f∗L(eN ),
e
[a,b]
N,β = p
[a,b]∗
N ◦ fL∗ ◦ β∗L ◦ f∗L(eN ),
where f∗ denotes the push-forward map for a proper morphism f .
Let us see the action of αL and βL on the Betti cohomology of XL. Since
XL(C) = MorQ(C, XL) is the disjoint union of XL,τ (C) = MorL,τ (C, XL) for all
embeddings τ : L →֒ C, it suffices to describe the actions on each component. Let
{ω˜a,bτ | (a, b) ∈ IN} be the basis of H1(XL,τ(C),C) defined as before.
Lemma 3.7. Let τ : L →֒ C be an embedding and τ be its complex conjugate. For
(a, b) ∈ IN with 〈a〉+ 〈b〉+ 〈c〉 = N , we have
α∗Lω˜
a,b
τ = τ(ζ
〈a〉
N ζ
〈b〉
2N )
sin 〈a〉piN
sin 〈c〉piN
ω˜c,bτ , α
∗
Lω˜
−a,−b
τ = τ(ζ
〈a〉
N ζ
〈b〉
2N )
sin 〈a〉piN
sin 〈c〉piN
ω˜−c,−bτ ,
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β∗Lω˜
a,b
τ = τ(ζ
〈b〉
N ζ
〈a〉
2N )
sin 〈b〉piN
sin 〈c〉piN
ω˜a,cτ , β
∗
Lω˜
−a,−b
τ = τ(ζ
〈b〉
N ζ
〈a〉
2N )
sin 〈b〉piN
sin 〈c〉piN
ω˜−a,−cτ .
Proof. This is proven similarly as Lemma 3.4. The left equations are direct, from
which the right ones are deduced using c∞ω˜
a,b
τ = ω˜
−a,−b
τ . 
Let TKN/Q : KN → Q denote the trace map. Since N is even, we just say that
a ∈ Z/N is odd or even depending on the parity of 〈a〉.
Proposition 3.8. Let N be even and (a, b) ∈ IprimN .
(i) If b is odd, then rD(e
[a,b]
N,α) = 0. If b is even, we have
rD(e
[a,b]
N,α) = −
2
N
∑
h∈Ha,b
N
TKN/Q(ζ
〈hc〉+〈hb〉/2
N )
sin 〈hc〉piN
sin 〈ha〉piN
Fhc,hbN (ω˜
ha,hb
N − ω˜−ha,−hbN ).
(ii) If a is odd, then rD(e
[a,b]
N,β ) = 0. If a is even, we have
rD(e
[a,b]
N,β ) = −
2
N
∑
h∈Ha,b
N
TKN/Q(ζ
〈hc〉+〈ha〉/2
N )
sin 〈hc〉piN
sin 〈hb〉piN
Fha,hcN (ω˜
ha,hb
N − ω˜−ha,−hbN ).
Proof. We only prove (i) and the proof of (ii) is parallel. By [21], Theorem 4.14,
the τ -component rD,τ of the regulator for XL is given by
rD,τ (f
∗
L(eN )) = −
1
N
∑
(a,b)∈IN
Fha,hbN ω˜
ha,hb
N,τ ,
where h ∈ (Z/N)× is the element satisfying τ(ζN )h = ζN . Let τ ′ be the conjugate
of τ over K and τ0 be the restriction of τ to K. Then we have
fL/K∗(ω˜
a,b
τ ) = fL/K∗(ω˜
a,b
τ ′ ) = ω˜
a,b
τ0 ,
where ω˜a,bτ0 ∈ H1(XK,τ0(C),C) is similarly defined. By the lemma above and the
compatibility of the regulator maps with pull-backs and push-forwards, the coeffi-
cient of ω˜a,bτ0 in the expression of rD,τ0(fL/K∗ ◦ α∗ ◦ f∗L(eN)) is(
τ(ζ
〈c〉
N ζ
〈b〉
2N ) + τ
′(ζcNζ
〈b〉
2N )
)
F c,bN = τ0(ζ
〈c〉
N )τ(ζ
〈b〉
2N )
(
1 + (−1)〈b〉)F c,bN
=
{
0, if b is odd,
2τ0(ζ
〈c〉+〈b〉/2
N )F
a,b
N , if b is even.
This proves the case when b is odd. Since fK∗(ω˜
a,b
τ0 ) = ω˜
a,b
N , fL∗ = fK∗ ◦fL/K∗, and
p
[a,b]∗
N acts on ω˜
a′,b′
N identically if (a
′, b′) ∈ [a, b] and trivially otherwise, we obtain
the other case. 
Since N is even and (a, b) ∈ IprimN , at least one of a, b is odd. Therefore, if g = 3,
our elements are not sufficient for the surjectivity of the regulator map. Hence the
cases N = 14, 18 will be excluded. Similarly as Corollary 3.6, we have the following.
Corollary 3.9. If a = b (resp. a = c, b = c), then we have rD(e
[a,b]
N,α) = rD(e
[a,b]
N,β )
(resp. rD(e
[a,b]
N,α) = −2φ(N) · rD(e[a,b]N ), rD(e[a,b]N,β ) = −2φ(N) · rD(e[a,b]N )).
Proof. The first case is obvious. In the second case, since 2〈hc〉+ 〈hb〉 = N for any
h ∈ Ha,bN , we have TKN/Q(ζ〈hc〉+〈hb〉/2N ) = TKN/Q(−1) = −φ(N). The third case is
parallel. 
ON SPECIAL VALUES OF JACOBI-SUM HECKE L-FUNCTIONS 13
4. Comparisons
In this section, we determine when our three elements e
[a,b]
N , e
[a,b]
N,α, e
[a,b]
N,β are
sufficient for the surjectivity of
rD ⊗Q R : H2D(X [a,b]N ,Q(2))Z ⊗Q R→ H2D(X [a,b]N,R ,R(2)).
For each N , we use Proposition 2.1 to reduce the number of (a, b)’s to study. In
each case, we compute the regulator determinant Ra,bN and the L-value L
∗(ja,bN , 0)
numerically, and compare them. Here, Ra,bN is computed with respect to the basis
of the Q-structure of Deligne cohomology given in Proposition 3.3. An integral
refinement will be given in §5.
To compute the L-values, we used Magma (see [9], Part V, 32.9.6). It gives di-
rectly L∗(ja,bN , 0) when g = 1, while we computed L(j
a,b
N , 2) and used the functional
equation (2.4) when g = 2 and 3. We used Mathematica for other computations.
4.1. g = 1. For N = 3, 4, 6, and (a, b) ∈ IprimN , we only need e[a,b]N . By Theorem 3.2
and Proposition 3.3, the regulator is given by
Ra,bN :=
DN
2πN
|F a,bN |,
where DN is as defined in (3.1). Then the results of [22] recalled in §1 are written
as:
L∗(j1,13 , 0) =
1
3
R1,13 , (4.1)
L∗(j1,24 , 0) =
1
2
R1,24 . (4.2)
We verify the remaining cases.
For N = 4, by Proposition 2.1, it remains to study the case (a, b) = (1, 1). Then,
one computes
R1,14 = 3.3173289967638281780989923863189664030737625416964 . . .
On the other hand, the conductor of j1,14 is
f
1,1
4 = (4) = (1− ζ4)4,
and the CM type is σ1. The group (O4/f
1,1
4 )
× is generated by ζ4 ∈ O×4 and 1−2ζ4.
Since v = (1 − 2ζ4) is a prime ideal of degree one above 5 such that χv(2) = ζ−14 ,
one easily computes that j1,14 ((1− 2ζ4)) = 1− 2ζ4, hence we have
ϕ1,14 (1− 2ζ4) = 1.
Using these data, one computes
L∗(j1,14 , 0) = 1.6586644983819140890494961931594832015368812708482 . . .
By comparison, we obtain:
L∗(j1,14 , 0) ≈
1
2
R1,14 (4.3)
with 100 digits precision.
For N = 6, by Proposition 2.1, we are reduced to see the cases (a, b) = (1, 1),
(1, 2), (1, 3), (1, 4) and (2, 3). Moreover, by Proposition 2.3, we have
L(j1,26 , s) = L(j
2,3
6 , s).
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In any case, the conductor of ja,b6 divides (12) = (2)
2(1−ζ3)2, and is as listed below.
The CM type is σ1 for any case. The group (O3/(12))
× is generated by −1 ∈ O×3 ,
s := −2− 3ζ3 and t := 1 + 4ζ3. Since (s), (t) are prime ideals of degree one above
7, 13, respectively, the Jacobi sums ja,b6 ((s)), j
a,b
6 ((t)) are easily computed. As a
result, we have
f
1,1
6 = (2)
2(1− ζ3)2, ϕ1,16 (s) = −ζ3, ϕ1,16 (t) = −ζ23 ,
f
1,2
6 = (2)(1− ζ3), ϕ1,26 (s) = ζ23 , ϕ1,26 (t) = −1,
f
1,3
6 = (2)
2(1− ζ3), ϕ1,36 (s) = −ζ23 , ϕ1,36 (t) = −1,
f
1,4
6 = (2)(1− ζ3)2, ϕ1,46 (s) = ζ3, ϕ1,46 (t) = −ζ23 .
By numerical computations, we obtain
L∗(j1,16 , 0) ≈ −2R1,16 , (4.4)
L∗(j1,26 , 0) ≈
1
3
R1,26 , (4.5)
L∗(j1,36 , 0) ≈ 2R1,36 , (4.6)
L∗(j1,46 , 0) ≈ 2R1,46 , (4.7)
L∗(j2,36 , 0) ≈ 2R2,36 , (4.8)
with 100 digits precision.
Remark 4.1. The above results suggest an equality F 1,26 = 6F
2,3
6 , although
F˜ (16 ,
2
6 ) 6= 6F˜ (26 , 36 ). The author does not know if this follows from known relations
among 3F2-values.
4.2. g = 2. We consider the cases N = 5, 8, 10, 12.
For N = 5, by Proposition 2.1, we are reduced to the case (a, b) = (1, 1). By
Theorem 3.2, Propositions 3.3 and 3.4, the regulator with respect to e
[1,1]
5 and e
[1,1]
5,α
is given by
R1,15 :=
D5
(2π)252
∣∣∣∣∣∣det
F 1,15 − sin 3pi5sin pi5 F 3,15
F 2,25
sin pi
5
sin 2pi
5
F 1,25 .

∣∣∣∣∣∣ .
One sees R1,15 6= 0 without numerical computation and obtains the surjectivity of
rD ⊗Q R ([21], Theorem 4.33). On the other hand, the conductor of j1,15 is
f
1,1
5 = (1− ζ5)2,
and the CM type is σ1 + σ3. The group (O5/f
1,1
5 )
× is generated by ζ5 ∈ O×5 and 2.
Since 2 is inert in K5, we have j
1,1
5 ((2)) = −22 and hence
ϕ1,15 (2) = −1.
By numerical computations, we obtain
L∗(j1,15 , 0) ≈
1
5
R1,15 (4.9)
with 100 digits precision.
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Remark 4.2. This improves a result of Kimura [18] on the curve C1,15 (see Remark
2.2). For the relation with his elements in the motivic cohomology with ours, see
[21], Remark 4.35.
For N = 8, by Proposition 2.1, we are reduced to the cases where a = 1. By
Proposition 3.8, we can only treat the case when b is even, by using e
[a,b]
8 and e
[a,b]
8,α .
However, one sees from Proposition 3.8 and Corollary 3.9 respectively that
rD(e
[1,2]
8,α ) = rD(e
[1,4]
8,α ) = 0, rD(e
[1,6]
8,α ) = −8 · rD(e[1,6]8 ).
Therefore, in any case, we have only one linearly independent element.
For N = 10, by Proposition 2.1, we are reduced to the cases where a = 1 and
(a, b) = (2, 5). When a = 1, we can possibly use e
[a,b]
10 , e
[a,b]
10,α for even b. The case
b = 8, however, is excluded by Corollary 3.9. For (a, b) = (2, 5), we use e
[2,5]
10 and
e
[2,5]
10,β. By Theorem 3.2, Propositions 3.3 and 3.8, the regulator determinant with
respect to these elements are:
R1,210 :=
D10
(2π)2102
∣∣∣∣∣∣det
F 1,210 −2 sin 7pi10sin pi10 F 7,210
F 3,610 −2 sin
pi
10
sin 3pi
10
F 1,610
∣∣∣∣∣∣ ,
R1,410 :=
D10
(2π)2102
∣∣∣∣∣det
(
F 1,410
2
sin pi
10
F 5,410
F 3,210 − 2sin 3pi
10
F 5,210
)∣∣∣∣∣ ,
R1,610 :=
D10
(2π)2102
∣∣∣∣∣∣det
F 1,610 −2 sin 3pi10sin pi10 F 3,610
F 7,210 −2 sin
pi
10
sin 7pi
10
F 1,210

∣∣∣∣∣∣ ,
R2,510 :=
D10
(2π)2102
∣∣∣∣det(F 2,510 −2 sin 3pi10 · F 2,310F 4,510 2 sin pi10 · F 4,110
)∣∣∣∣ .
For the L-functions, we have by Proposition 2.3
L(j2,510 , s) = L(j
2,3
10 , s) = L(j
4,1
10 , s) = L(j
1,4
10 , s).
The conductor f1,b10 (b = 2, 4, 6) divides (2)
2(1 − ζ5)2 and is as listed below. The
CM type is σ1+σ7 for b = 2, 4 and σ1+σ3 for b = 6. The group (O5/(2)(1−ζ5)2)×
is generated by 1 + ζ5 ∈ O×5 and 1 + 2ζ5, which generates a prime ideal of degree
one above 11. One computes:
f
1,2
10 = (2)(1− ζ5)2, ϕ1,210 (α) = −ζ45 ,
f
1,4
10 = (2)(1− ζ5), ϕ1,410 (α) = −1,
f
1,6
10 = (2)(1− ζ5)2, ϕ1,610 (α) = −ζ25 .
By numerical computations, we obtain
L∗(j1,210 , 0) ≈ 4R1,210 , (4.10)
L∗(j1,410 , 0) ≈ R1,410 , (4.11)
L∗(j1,610 , 0) ≈ 4R1,610 , (4.12)
L∗(j2,510 , 0) ≈ 4R2,510 , (4.13)
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with 100 digits precision. Since Ra,b10 6= 0 in these cases, we obtain:
Theorem 4.3. The regulator map rD ⊗Q R is surjective for X [1,2]10 , X [1,4]10 , X [1,6]10
and X
[2,5]
10 .
For N = 12, by Proposition 2.1, we are reduced to the cases where a = 1, and
(a, b) = (2, 3), (3, 4). When a = 1, we can only treat the cases where b is even.
The cases (a, b) = (1, 4), (1, 8) and (3, 4) are excluded since we have rD(e
[a,b]
N,α) = 0
by Proposition 3.8. The case (a, b) = (1, 10) is excluded by Corollary 3.9. For the
remaining cases, the regulator determinants are given as follows; we use e
[a,b]
12 , e
[a,b]
12,α
for the first two and e
[a,b]
12 , e
[a,b]
12,β for the last one:
R1,212 :=
D12
(2π)2122
∣∣∣∣∣∣det
F 1,212 4 sin 9pi12sin pi12 F 9,212
F 7,212 −4 sin
3pi
12
sin 7pi
12
F 3,212

∣∣∣∣∣∣ ,
R1,612 :=
D12
(2π)2122
∣∣∣∣∣∣det
F 1,612 −4 sin 5pi12sin pi12 F 5,612
F 5,612 −4 sin
pi
12
sin 5pi
12
F 1,612

∣∣∣∣∣∣ ,
R2,312 :=
D12
(2π)2122
∣∣∣∣∣∣det
F 2,312 −4 sin 7pi12sin 3pi12 F 2,712
F 2,912 4
sin pi
12
sin 9pi
12
F 2,112

∣∣∣∣∣∣ .
For the L-functions, we have by Proposition 2.3
L(j2,312 , s) = L(j
1,2
12 , s).
The conductors are
f
1,2
12 = f
1,6
12 = (1− ζ4)3(1− ζ3).
The CM types of j1,212 , j
1,6
12 are σ1 + σ7, σ1 + σ5, respectively. The group (O12/(1−
ζ4)
3(1−ζ3))× is generated by ζ12, 1+(1−ζ4)ζ3 ∈ O×12, and 2−ζ12, which generates
a prime ideal of degree one above 13. One computes
ϕ1,212 (2− ζ12) = −ζ12, ϕ1,612 (2 − ζ12) = −1.
By numerical computations, we obtain
L∗(j1,212 , 0) ≈ 3R1,212 , (4.14)
L∗(j1,612 , 0) ≈ −6R1,612 , (4.15)
L∗(j2,312 , 0) ≈ 6R2,312 , (4.16)
with 100 digits precision. Since Ra,b12 6= 0 in these cases, we obtain:
Theorem 4.4. The regulator map rD⊗QR is surjective for X [1,2]12 , X [1,6]12 and X [2,3]12 .
Remark 4.5. As in Remark 4.1, the above results suggest quadratic relations
R1,410 = 4R
2,5
10 , R
1,2
12 = 2R
2,3
12
among hypergeometric values.
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4.3. g = 3. As we remarked after Proposition 3.8, our three elements can possibly
be linearly independent for N = 7 and 9.
For N = 7, by Proposition 2.1, we are reduced to the cases (a, b) = (1, 1) and
(1, 2). By Corollary 3.6, we can only treat (a, b) = (1, 2). Then, by Theorem 3.2
and Propositions 3.3 and 3.4, the regulator determinant with respect to e
[1,2]
7 , e
[1,2]
7,α ,
e
[1,2]
7,β is given by
R1,27 :=
D7
(2π)373
∣∣∣∣∣∣∣∣det

F 1,27
sin 4pi
7
sin pi
7
F 4,27 − sin
4pi
7
sin 2pi
7
F 1,47
F 2,47
sin pi
7
sin 2pi
7
F 1,47
sin pi
7
sin 4pi
7
F 2,17
F 4,17 − sin
2pi
7
sin 4pi
7
F 2,17
sin 2pi
7
sin pi
7
F 4,27

∣∣∣∣∣∣∣∣ .
Using the expression
R1,27 =
1
56(2π)3
(s3 + t3 + u3 − 3stu), s := F
1,2
7
sin 4pi7
, t := − F
2,4
7
sin pi7
, u :=
F 4,17
sin 2pi7
,
R1,27 6= 0 is proved without numerical computation ([21], Proposition 4.36). In
particular, rD ⊗Q R is surjective for X [1,2]7 . For the L-function, we have
f
1,2
7 = (1− ζ7)
and (O7/(1− ζ7))× = F×7 is generated by 3. Since 3 is inert in K7, we have
ϕ1,27 (3) = −1.
By numerical computations, we obtain
L∗(j1,27 , 0) ≈
1
49
R1,27 (4.17)
with 100 digits precision.
Finally for N = 9, by Proposition 2.1, we are reduced to the cases (a, b) = (1, 1)
and (1, 2), but we can only treat the latter case as above. The regulator determinant
with respect to e
[1,2]
9 , e
[1,2]
9,α , e
[1,2]
9,β is given by
R1,29 =
D9
(2π)393
∣∣∣∣∣∣∣∣∣
det

F 1,29
sin 6pi
9
sin pi
9
F 6,29 − sin
6pi
9
sin 2pi
9
F 1,69
F 2,49
sin 3pi
9
sin 2pi
9
F 3,49
sin 3pi
9
sin 4pi
9
F 2,39
F 5,19 − sin
3pi
9
sin 5pi
9
F 3,19 − sin
3pi
9
sin pi
9
F 5,39

∣∣∣∣∣∣∣∣∣
.
For the L-function, we have
f
1,2
9 = (1 − ζ9)4
and the CM type is σ1 + σ2 + σ5. The group (O/f
1,2
9 )
× is generated by −ζ9 ∈ O×9
and 1+ ζ9 − ζ29 . The latter generates a prime ideal of degree one above 19 and one
computes
ϕ1,29 (1 + ζ9 − ζ29 ) = ζ89 .
By numerical computations, we obtain
L∗(j1,29 , 0) ≈
1
3
R1,29 (4.18)
with 100 digits precision. Since R1,29 6= 0, we obtain:
Theorem 4.6. The regulator map rD ⊗Q R is surjective for X [1,2]9 .
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5. Integral version
We introduce Z-structures on the motivic and the Deligne cohomologies of Fer-
mat motives and renormalize the results in the preceding section.
5.1. Integral structure of Deligne cohomology. Here we determine the Z-
structure of the Deligne cohomology. We write
H1(X
[a,b]
N (C),Z) = p
[a,b]
N∗ H1(XN (C),Z)
and put
T
[a,b]
N = H1(X
[a,b]
N (C),Z)
F∞=−1.
Then, the Z-structure of Deligne cohomology is defined by
p
[a,b]∗
N H
1(XN (C),Z(1))
+ = Hom(T
[a,b]
N ,Z(1)),
where Z(1) = 2πiZ. We know ([16], Appendix) that H1(XN (C),Z) is a cyclic
Z[GN ]-module with a generator κ such that
F∞κ = g
−1,−1
∗ κ, (5.1)∫
κ
ω˜a,bN = (1− ζaN )(1− ζbN ). (5.2)
Assume that (a, b) ∈ IprimN . For any g ∈ GN , we have
p
[a,b]
N∗ ◦ g∗(κ) =
∑
h∈(Z/N)×
θa,bN (g)
hpha,hbN∗ (κ).
Note that this depends only on θa,bN (g); fix g ∈ GN such that θa,bN (g) = ζN . For
each n ∈ Z/N , define
κn = p
[a,b]
N∗ ◦ gn∗ (κ) =
∑
h∈(Z/N)×
ζhnN p
ha,hb
N∗ (κ) ∈ H1(X [a,b]N (C),Z).
Proposition 5.1. Let the notations be as above. Then we have:
(i) {κn | n ∈ Z/N} generates H1(X [a,b]N (C),Z).
(ii) If ζN is a root of
∑N−1
n=0 ant
n ∈ Z[t], then we have ∑N−1i=0 anκn = 0.
(iii) F∞κn = κc−n.
Proof. (i) and (ii) are easy. By (5.1), we have
F∞ ◦ gn∗ (κ) = g−n∗ ◦ F∞(κ) = g−n∗ ◦ g−1,−1∗ (κ).
Since F∞ commutes with p
[a,b]
N , we have
F∞κn = p
[a,b]
N∗ ◦ g−n∗ ◦ g−1,−1∗ (κ) =
∑
h∈(Z/N)×
ζ
−h(n+a+b)
N p
ha,hb
N∗ (κ) = κc−n,
hence (iii) is proved. 
This proposition enables us to find a Z-basis of T
[a,b]
N in each case. We only give
one example; other cases are similarly determined (see Table 1 below).
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Example 5.2. LetN = 10, (a, b) = (1, 2). Then, by (i) and (ii), {κn | n = 0, . . . , 3}
is a basis of H1(X
[1,2]
10 (C),Z). By (iii) and (ii), we have
F∞κ0 = κ7 = −κ2, F∞κ1 = κ6 = −κ1,
F∞κ2 = κ5 = −κ0, F∞κ3 = κ4 = κ3 − κ2 + κ1 − κ0.
Therefore, a basis of T
[1,2]
10 is given by κ0 − F∞κ0 = κ0 + κ2 and κ1.
We put
κ−n := κn − F∞κn = κn − κc−n ∈ T [a,b]N .
Note that, if κn ∈ T [a,b]N itself, then κn = κ−n /2. The periods along κn and κ−n are
given as follows.
Proposition 5.3. For any n ∈ Z/N and h ∈ (Z/N)×, we have∫
κn
ω˜ha,hbN = ζ
hn
N (1− ζhaN )(1− ζhbN ),∫
κ−n
(ω˜ha,hbN − ω˜−ha,−hbN ) = 4i Im(ζhnN (1 − ζhaN )(1 − ζhbN )).
Proof. Since∫
κn
ω˜ha,hbN =
∑
h′∈(Z/N)×
ζh
′n
N
∫
κ
(ph
′a,h′b
N )
∗ω˜ha,hbN = ζ
hn
N
∫
κ
ω˜ha,hbN ,
the first formula follows from (5.2). Since∫
F∞κn
ω˜ha,hbN =
∫
κn
F∞ω˜
ha,hb
N =
∫
κn
ω˜−ha,−hbN ,
the second formula follows from the first. 
Remark 5.4. The relation between the Q-structure given in Proposition 3.3 and
the Z-structure given above is as follows. There exists an element γ ∈ H1(XN (C),Q)
such that F∞γ = γ,
∫
γ
ω˜a,bN = 1 for all (a, b) ∈ IN , and κ = ((1−g1,0)(1−g0,1))∗(γ)
(see [21], §4.6). By the same procedure as above starting with γ instead of κ, we ob-
tain a basis {γn | n = 1, . . . , 2g} of H1(X [a,b]N (C),Q) such that
∫
γn
ω˜ha,hbN = ζ
hn
N for
any h ∈ (Z/N)×. If {γ∨n | n = 1, . . . , 2g} denotes the dual basis of H1(X [a,b]N (C),Q),
then we have λn = 2πi(γ
∨
n − F∞γ∨n ).
5.2. Regulators. As in [14], for a curve X over Q, we define the Z-structure of
H2
M
(X,Q(2))Z to be
Im
(
Ker(T )→ H2M (X,Q(2))
) ∩H2M (X,Q(2))Z.
For Fermat motives, we define the Z-structure ofH2
M
(X
[a,b]
N ,Q(2))Z to be the image
of that ofH2
M
(XN ,Q(2))Z under p
[a,b]∗
N . Then, our elements e
[a,b]
N , e
[a,b]
N,α, e
[a,b]
N,β belong
to the Z-structure by definition.
For each (a, b) ∈ IprimN , choose a Z-basis {tn | n = 1, . . . , g} of T [a,b]N and put
Da,bN =
∣∣∣∣∣det
(∫
tn
(ω˜ha,hbN − ω˜−ha,−hbN )
)
h∈Ha,b
N
,n=1,...,g
∣∣∣∣∣ ,
which is independent of the choice of a basis. This can be computed using Propo-
sitions 5.1 and 5.3. Then, for each case of §4 where we have the surjectivity of
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rD⊗QR, the regulator determinant of our g elements with respect to the Z-structure
of Deligne cohomology is given by
R˜a,bN :=
Da,bN
DN
Ra,bN .
In Table 1 below, we summarize a basis of T
[a,b]
N , the period determinant D
a,b
N
and the ratio R˜a,bN /L
∗(ja,bN , 0) ∈ Q× (with 100 digits precision) of the regulator
determinant to the L-value.
Table 1.
g N (a, b) Ha,bN T
[a,b]
N D
a,b
N R˜
a,b
N /L
∗(ja,bN , 0)
1 3 (1, 1) {1} 〈κ−0 〉 2 · 3
√
3 2 · 32
4 (1, 1) {1} 〈κ−0 /2〉 22 22
(1, 2) {1} 〈κ−0 〉 23 23
6 (1, 1) {1} 〈κ−0 〉 2
√
3 −1
(1, 2) {1} 〈κ−1 /2〉 2
√
3 2 · 3
(1, 3) {1} 〈κ−0 〉 2
√
3 1
(1, 4) {1} 〈κ−0 〉 2
√
3 1
(2, 3) {1} 〈κ−0 〉 22
√
3 2
2 5 (1, 1) {1, 2} 〈κ−0 , κ−1 〉 22 · 52 22 · 52
10 (1, 2) {1, 3} 〈κ−0 , κ−1 /2〉 2 · 5 1/2
(1, 4) {1, 3} 〈κ−0 /2, κ−1 〉 2 · 5 2
(1, 6) {1, 7} 〈κ−0 , κ−1 〉 22 · 5 1
(2, 5) {1, 7} 〈κ−0 , κ−1 〉 24 · 5 22
12 (1, 2) {1, 7} 〈κ−0 , κ−1 〉 23
√
3 22/3
(1, 6) {1, 5} 〈κ−0 , κ−1 〉 25
√
3 −23/3
(2, 3) {1, 7} 〈κ−0 , κ−2 〉 24
√
3 22/3
3 7 (1, 2) {1, 2, 4} 〈κ−0 , κ−1 , κ−5 〉 23 · 72
√
7 23 · 73
9 (1, 2) {1, 2, 5} 〈κ−0 , κ−1 , κ−2 〉 23 · 33
√
3 23 · 32
Remark 5.5. Bloch-Kato’s Tamagawa number conjecture [7] predicts the rational
factor in terms of the p-adic regulators for all prime numbers p. Let
Vp = H
1
e´t(X
[a,b]
N ⊗Q Q,Qp(2))
be the p-adic e´tale cohomology group, on which the absolute Galois group GQ :=
G(Q/Q) acts continuously. We have the p-adic regulator map to the Galois coho-
mology
rp : H
2
M (X
[a,b]
N ,Q(2))Z → H1(GQ, Vp)
induced from the Chern class map. The conjecture states firstly that rp ⊗Q Qp is
isomorphic onto the Selmer group H1f (GQ, Vp) ⊂ H1(GQ, Vp). Secondly, the p-part
of the rational factor in the Beilinson conjecture, coming from the indeterminacy
of a Q-basis of the motivic cohomology, is conjecturally detected by the “index”
of the Zp-module generated by the image of the basis under rp, with respect to
a canonical Zp-lattice H
1
f (GQ, Tp) ⊂ H1f (GQ, Vp). In view of the conjecture, our
results (see Table 1) suggest, as in the case of CM elliptic curves ([7], §7), that, for
p ∤ 2N , the images of our motivic elements generate the Zp-module H
1
f (GQ, Tp).
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